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: Abstract 

O 

A complete geometric unification of gravity and electromagnetism is proposed by 
considering two aspects of torsion: its relation to spin established in Einstein-Cartan 
theory and the possible interpretation of the torsion trace as the electromagnetic 
potential. Starting with a Lagrangian built of Dirac spinors, orthonormal tetrads, 
and a complex rather than a real linear connection we define an extended spinor 
derivative by which we obtain not only a very natural unification, but can also 

a ■ 

fully clarify the nontrivial underlying fibre bundle structure. Thereby a new type 
of contact interaction between spinors emerges, which differs from the usual one in 
Einstein-Cartan theory. The splitting of the linear connection into a metric and 
an electromagnetic part together with a characteristic length scale in the theory 
strongly suggest that gravity and electromagnetism have the same geometrical ori- 
gin. 
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1 Introduction 



In general relativity the metric g^ v completely determines the linear connection T ^, 
which becomes simply the (symmetric) Levi-Civita connection 

TV = {*» : = \9 ae {d»g e p + d p9e , - d e g^) . (1.1) 

The space-time geometry is influenced only by mass-energy, which causes curvature 
via the Einstein equation, and remains unaffected by spin. 

In Einstein-Cartan theory (see Ref. |I| and references therein) the connection 
is only required to be metric, Vag^ = 0, and is allowed to have nonvanishing 
torsion T 01 ^ = T 01 ^ — r a pn, contrary to the torsionless Levi-Civita connection. The 
structure of the connection now becomes [p]] 

TV = {>} + |(T^ + Tp% + T% p ) . (1.2) 

This generalization enables the space-time geometry to respond not only to mass 
but also to spin, where spinning matter produces torsion. For Dirac particles the 
torsion is totally antisymmetric in its indices and creates a cubic self-interaction 
term in the spinor equation 

*t m v;v - + KtvVWhW = o (i.3) 

where V* is the covariant spinor derivative with respect to the Levi-Civita connec- 
tion, see (3.12), and Z is the Planck length. The observed "contact interaction" in 
(1.3) also contributes to the energy-momentum equation p|. 

Besides this well-known aspect of torsion another physical role for it has been 
suggested in several works on the unification of gravitation and electromagnetism. 
The idea of such a geometrical unification is to omit any restrictions on the real 
linear connection T 01 ^ and to incorporate the electromagnetic phenomena into this 
extended space-time geometry. More precisely, the electromagnetic vector potential 

is identified with the torsion trace T M = T a fJia . In the so called nonsymmetric 
unified field theory, Einstein H has considered a general linear connection, but 
his aim was to incorporate electromagnetism into the metric. He introduced a 
nonsymmetric metric g^ u {y^ g UfJl ) and identified its antisymmetric part with the 
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dual of the electromagnetic field strength. His theory was unsuccessful because it 
could not account for the equation of motion [f|||. To remedy this and various 
other shortcomings of Einstein's theory several authors have suggested to make 
the above mentioned identification T M ~ in an ad hoc manner 0,0], still using 
a nonsymmetric metric. In subsequent works of McKellar M and Jakubiec and 
Kijowski [ID| this is achieved without ad hoc assumptions, using the usual symmetric 
metric. McKellar starts with the metric g^ v and a general linear connection r a M/ g 
and obtains 

T% = {\ } + \8 a p-T, (1.4) 

as solution of the field equation with the usual convention V^X Q = d^X a + T^pX^ 
for the covariant derivative of a vector field X a . His field equations taken together 
resemble the source-free Einstein-Maxwell equations, provided that ~ holds. 
In Ref. || Ferraris and Kijowski start not with a metric but with T a ^p alone and 
arrive at (1.4) but, contrary to McKellar, they regard P^q,, which is not a vector, 
as the electromagnetic potential and deduce a theory of electromagnetism differing 
from the Maxwell theory, whereas in Ref. Jakubiec and Kijowski return to the 
identity T M ~ A^ and include Dirac spinors in the unification. Unfortunately the 
employed spinor derivative requires two connections and from the very 

beginning, and furthermore, from the general linear connection V 01 ^ only its trace 
PV* appears in this derivative. Owing to this insufficient coupling of the linear 
connection to spinorial matter torsion does not couple to spin and so its important 
physical role established in Einstein-Cartan theory is missing. Like McKellar, the 



authors of Ref. [1(| do not clarify the fibre bundle structure of their unification; 
for example, in (1.4) cannot be gauged with U(l), as there is no U(l)-bundle 
constructed in the theory. It is thus only a vector but not a potential. 

From the discussions of general relativity, Einstein-Cartan theory, and the uni- 
fied field theories we conclude that a more general linear connection would enable 
the space-time geometry to incorporate further physical phenomena in addition to 
gravitation. However, although the GL(4,IR)-connection of Refs. ilPJTOfl is more 
general than the metric connection of Einstein-Cartan theory the spin-torsion cou- 
pling was missing either because matter was not considered MM or because the 
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spinor derivative was somewhat inappropriate [10 



In this work our aim is to obtain a new unification of gravity and electromag- 
netism including the spin-torsion coupling, thus accounting for both aspects of tor- 
sion mentioned before. To achieve this we further expand the space-time geometry 
and allow for complex linear connections. Let us explain why this complex exten- 
sion is necessary. Obviously, we must introduce a new spinor derivative containing 
a spin-torsion coupling. As a consequence, we may imagine that matter will be cou- 
pled to the connection more tightly and can therefore twist the space-time geometry 
so strongly that even complex degrees of freedom are excited. Another reason for 
the complex extension is the fact that in Refs. |8|JTI| no U(l)-bundle structure could 
be constructed for the torsion trace of a real connection. 

Using a complex linear connection and an extended spinor derivative we arrive 
at a new unification of gravity and electromagnetism which fully clarifies the fibre 
bundle structure, especially the U(l)-bundle. All field equations follow from the 
variational principle. Due to the special spinor derivative both aspects of torsion 
in Eqs. (1.3) and (1.4) are slightly altered. The spinor-spinor contact interaction is 
now found to occur only between distinct particles, thus excluding a self-interaction 
like in Eq. (1.3). 

In Section 2 we establish notation and introduce the Lagrangian density. In 
Sections 3 and 4 the field equations are derived using the variational method and 
their physical content is discussed. Here we slightly expand the theory to include 
three types of charged particles and also consider many particle systems to observe 
the new type of spinor-spinor contact interaction. In Section 5 a short summary is 
given. The fibre bundle geometry is discussed in Appendix A. 



2 Lagrangian density 

The theory rests on the variational principle and employs a Lagrangian density built 
of orthonormal tetrads, a complex linear connection, and Dirac spinors. To introduce 
these field variables let us consider a real 4-dimensional space-time manifold M. We 
assume that M is endowed with a pseudo-riemannian metric g^ v and a space- and 
time-orientation which follows from the reduction of the frame bundle F(M) to a 
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special Lorentz bundle L*(M); this is a principal bundle consisting of orthonormal 
tangent bases such that the structure group is given by the special orthochronous 
Lorentz group with Lie algebra / 

Lt : = (A G Mat(4,IR)|A T ?iA = 77, det A = 1, A° > lj ; 

(2 1) 

Z = {A G Mat(4JR)|A T 77 + 77A = o} , 

where 77 = (r/ a b) = (rj ab ) = diag(l, —1, —1, —1). A tetrad a = (e/d^) is a local cross 
section in L^(M), where latin indices, running from to 3, are anholonomic and 
will be lowered and raised with r? ab and rj 3b , respectively. Greek indices run also 
from to 3 and refer to local coordinates. They are lowered and raised with and 
gV, the latter being the inverse of g^ u . Let (e 3 fl dx fl ) denote the reciprocal tetrad 
satisfying ei i e 3 v = 5% and e^e ^ = 5 h a . We then have the following relations 

g v = e /e au , 9ilv = e^e\ , e := det(e a M ) = ^/-det(g^) . (2.2) 

The components e/ and e a M will be used to convert coordinate indices to anholo- 
nomic ones and vice versa. 

The complex frame bundle F C (M) is a GL(4,(D)-principal bundle consisting of 
all complex tangent bases of (D <g> TM. In particular a tetrad a is a cross section in 
F C (M). Therefore a GL(4,(D)-connection u on F C (M) can be pulled back to M via a, 
yielding a gZ(4,(D)-valued 1-form (a*uo)\ =: r a ^ b dx^, which we call a complex linear 
connection. Its coordinate components r a M/3 = e a a e^r^b + e^c^e^ transform in the 
well-known inhomogeneous way under coordinate changes. The curvature tensor, 
Ricci tensor, curvature scalar, and the curvature trace are defined as follows 

pa Q pa _|_ pa pc _ a pa _ pa pc 

- rt bfiv u fi L ub 1 L /1c 1 ub u u L fib 1 uc L fib i 

R(3i/ = R\av ■ eJ 1 e h /3 ', 

fi bu . ( 2 - 3 ) 
R R bfiu ' 6 a e , 

Y = R 3 = d V 3 — d T 3 

Note that Y 3 ua is a vector, contrary to Y a ua . This vector vanishes for metric connec- 
tions on Lj'(M) because of the Lie algebra condition T aflb + T bfia = 0. 
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Every metric connection defines a covariant differentiation of a Dirac spinor [0] 

= - ir aMb7 Vv> , (2.4) 

where the 7-matrices satisfy 7 a 7 b + 7 b 7 a = 2^ ab ]l, see e. g. Ref. ||. We extend (2.4) 
to the case where r a ^b is a complex linear connection. At this stage (2.4) is rather 
a formal definition as it is only L^-covariant but not with respect to GL(4,(D). The 
full geometrical meaning of (2.4) is expounded in Appendix A, where we also clarify 
the nontrivial bundle geometry of our unification scheme. 

Introducing if) := ^7°, 7^ := 7 a e a M , the mass of the spinor particle m, k = 
87rG/c 4 , and a length scale I we write down the following Lagrangian density 



C — C m + Cg + Cy 

=: e ■ he 



77ZC 

#7 M V M ^ —if>if> 

a 



± R + ± lV . (2 . 5 ) 



Although it is complex valued we do not make it real, because this would restrict the 
contributions of the full complex connection. For an interesting example of complex 
Lagrangian theory see e. g. Ref. ||TT| . Apart from being complex the three parts C m , 
Cg, an d Cy resemble more or less the usual Lagrangian densities of spinorial matter, 
gravity, and the electromagnetic field, respectively. Whereas expressions similar to 
Cg and Cy for a real connection were already used in Refs. ||§,|nj, the matter 



Lagrangian C m including the extended spinor derivative (2.4) is new and plays a 
key role in our unification. Note that the partial derivatives and the connection 
have the dimension of inverse length. Therefore, from purely dimensional arguments, 
we must introduce a squared length I 2 in Cy. To compare I with the Planck length 
l := Vfick we rewrite (2.5) as follows 
e 



ill ^7 M V^ - mc 2 kifjifj -\R+ \l 2 Y^ v Y^ . (2.6) 



In the last term we recognize I 2 as the self-coupling constant of the connection, 
implying that / is an intrinsic length of the space-time geometry. The first term on 
the right side of (2.6) reveals I 2 as the coupling constant between the connection 
and matter. But if we regard Dirac spinors ultimately as geometrical objects, then 
l also is a characteristic unit of the space-time. We therefore expect / and l being 
of the same magnitude. 
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3 Field equations 



The field equations are obtained by varying C with respect to (a) T 3 ^, (b) ip and 
i/j, and (c) e/. The Euler-Lagrange equation for a representative field variable v is 

6C dC dC 

= :r := it ~ ^t^t - ' ( 3 - 1 ) 

ov ov oo v v 

where higher order derivatives are absent in C. In the following we give only an 



outline of the computations. For details see Ref. |L2|. 

(a) Define the following complex valued third rank tensor 

£°W3 := r a My g - {%/?} . (3.2) 
A third rank tensor always admits a "4-vector decomposition" 

— Qa9/3j + Spg al + g a pU 1 — j^r/a^sV 6 + T a/ g 7 , (3-3) 

where the four vectors Q a , Sp, Uj, V$ and the "tensor rest" T Qj g 7 are explicitly 
defined in Appendix B. This tensor rest satisfies T Q a7 = Y Q 7Q = T 7 a a = T[ a/37 ] = 0. 
We have denoted the volume element by r]^^ := e ■ e a p y s, wherein is totally 
antisymmetric and 60123 = 1- The field equation for T a M b follows from (2.5) or (2.6), 
(3.1) and (3.2) 

= ^-5\e™e£. k - * 
-±zZ 2 ^ 7 VVV> = | \z P \9 ai + £ e e V" - E^ 7 - E 7/3q ] + l 2 g aP V* u Y^ . (3.4) 

Here V* is the covariant differentiation with respect to {"^j, see Appendix B. The 
bracket [. . .] contains the contributions of £q, wherein terms belonging to the Levi- 
Civita connection part in (3.2) and terms created by the last term of (3.1) cancel out 
completely. We now use (3.3) and the definitions of the vector current j a := ifj^if) 
and the axial current f 5 := iprfrfip, see Appendix B. Contracting (3.4) successively 
with gp 7 , g a7 , g a/ 3 and 1/6 • r) 7 p a s we obtain 
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(gpy:) -Hi ■ J a = 3Q" + GU a + I 2 V;Y^ a 

{gen-) ¥1 ■ f = 6 ^ + 3f//3 + i 2 ^;y^ 

(3.5) 

{gap-) -u 2 -p = 41 2 -v;y^ 

( 1/6 • 77 7/3Q( 5 : ) ■ fs = -j^Vs 

One can easily derive — Q a = U a = —ill/ A ■ j a . Inserting this and the last two 
equations of (3.5) into (3.4) we obtain T a/ g 7 = 0. Since the Levi-Civita connection 
fulfills { a ^ b } + { bfia } = 0, where { aiMb } = e aa e^-f^s} + e a7 <9 M e b 7 , it follows r%, = 
£% = Q» + 4S M + Up = ASp and thus = AS^ := A{d lx S u - d u S^j. These results 
amount to 

= fOtf + S^-Sp, where (3.6) 
f> := {\p} + \l 2 (i-rg^-i-5%jp-r 1 %p 5 f 5 ) (3.7) 



and mi 2 jil v;^ 7 = f . (3.8) 

The last equation implies the current conservation 

v;p = mi 2 jil v 7 *v;^ 7 = o . (3.9) 

So far we have not used the complex extension of the connection explicitly. But 
now from (3.7) and (3.8) we see that parts of the connection (3.6) must be complex 
valued. In other words, these equations can not be solved using a real connection 
only. This is exactly the reason why we have chosen a complex rather than a 
real linear connection as our field variable. As shown in Appendix A the connection 
(3.6) is a sum of the complex metric connection on the complex Lorentz bundle 
(DL + (M) and the U(l)-connection on the trivial U(l)-bundle M x U(l), glued 
together by canonical bundle mappings. If is a U(l)-connection, it must be purely 
imaginary, see (3.15). This can not be deduced from (3.8) alone as it contains 
only V;Re(^ 7 ) = 0, but not Re(5 M ) = itself. According to Appendix A the 
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corresponding U(l)-gauge transformation is given by 



ei 1 i-> ef , Jr%(= S„) ^ fr%, + c^A , V >-> exp(A)V . (3.10) 



(b) The Lagrangian (2.5) immediately yields = 5£/Sip = dC/dip or, equivalently, 
27 /i V Al , ?/> — mc/hip = 0. With (3.6) this can be converted into 

777 C 

*V(v; - - x v + iPoUp+M-f* = o , (3.ii) 

where 

V^:=5^-5UM (3-12) 

is the covariant spinor differentiation with respect to the Levi-Civita connection. 
The spinor equation for ip is more difficult to compute \T2\. The result is 

mc— 

~h 



i(V; + -r + —iP- f J„fy& + jVxV = (3.13) 



with V^V = V*^- The nonlinear terms in (3.11) and (3.13) vanish due to the 
identity 

(i, + J>V^0, (3.14) 

which can be derived by straightforward but cumbersome computations, recalling 
jn = an d j% = i'l 5 !^ anc ^ using e - g- the chiral representation and the 

properties of the Pauli matrices within the 7-matrices. 

Since (3.13) is the spinor equation of the adjoint spinor ip, it must agree with 
the adjoint of the first equation (3.11). This implies that is purely imaginary, 

Re(Sa) = • (3.15) 



(c) The Lagrangian (2.5) contains no derivatives of e a M and therefore we get 



; e c/3 



dC 

de c a 



e c /3 



-C m g a p + e ihcip'y a Vp4' 



i \-eRg aP + eR a % + eR^} + ±l 2 [-eY^Y^g a p + AeY^Y^] .(3.16) 
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Using (3.3), (3.6) to (3.8) and (3.11) to (3.14) this can be expressed as 



rpG rpm _|_ rpS 

1 a/3 — 1 a/3 1 a/3 > 



rpG 1 / D* 1 D* n 

1 a(3 ■— k V a/3 2 



a(3 , 



(3.17) 

(3.18) 



rpm 

1 al3 

rpS 

1 a/3 



the 

2 



^ la (v; - - {v; + ■ lo $ + \v^^ 1[alpll ^)\ ; (3.19) 

,7 _ I.<? n J (3 20) 



SaySfp ^S^vS^ gap 



In (3.18) i?*^ and i?* denote the Ricci-tensor and -scalar for the Levi-Civita con- 
nection. Since and TjL are symmetric in a and /3, (3.17) transfers this property 
also upon T£g. Indeed, a lengthy calculation |12| gives 



rpm the 

1 a/3 — 4 



(3.21) 



Since is proportional to the Einstein-tensor, we obtain 



= V*(T' 



* (7 1 G\af3 



V Q *(T m )^ + V*(T 



(3.22) 



4 Physical interpretation 

We now summarize those field equations which will be discussed in the following 

mi 2 /ilv* u s u ~< = p ( 3 - 8 ') 

ef i * e a " , fr a Ma (= £„) ^ Jr% + «9 M A , V exp(A)^ • ( 3 ' 10 ') 



iT(v;-w-^ = o (3-ii') 



i(V; + 5^ -7^ + ^ = (3.13' 



t->G T" 11 _i_ T'S (3. 17') 

J a/3 — J a/3 "+" J a/3 • V y 
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These field equations exhibit precisely the well-known structures of the Einstein- 
Maxwell theory, provided that is identified with the electromagnetic potential 

S, = lA„ , (4.1) 

where q is the (positive) elementary charge. In this case, (3.8') is simply the inhomo- 
geneous Maxwell equation, see (4.2), whereas (3.10') describes the electromagnetic 
U(l)-gauge transformation of a negatively charged particle, which we identify with 
electron. The wave equation (3.11') becomes the corresponding charged spinor equa- 
tion in a curved space-time, (3.13') being its adjoint. Note that — in (3.11') 
is the U(l)-gauge covariant spinor derivative. Finally, (3.17') gives the energy- 
momentum equation involving the energy-momentum tensors of gravity (3.18), 
charged spinor particle (3.19) or (3.21), and the electromagnetic field (3.20). 

In order to fix the length scale / we insert (4.1) into (3.8') and compare it with 
the usual Maxwell equation 

he —q 
647T q z /A.TT 647T a 

where a is the fine structure constant and we have employed Heaviside-Lorentz 
units. As expected in Section 2 the value of I is of the same magnitude as the 
Planck length, which indicates the close relation of electromagnetism to space-time 
geometry and to gravity. If we had taken I := l in (2.5), we would have obtained 
a = 1/647T and q 1.32- 10 _19 Coulomb. Renormalization procedures could perhaps 
improve (4.2) towards I = l . When (4.1) and (4.2) are taken into account one can 
easily show that the above mentioned field equations of section 3 are exactly the 
equations of Einstein-Maxwell theory with an electron. Moreover, with these results 
the Lagrangian (2.5) can be rewritten as 



C = e ■ he 



he h 
which is the usual Einstein-Maxwell Lagrangian. 

Notwithstanding these agreements of our theory with the usual one there are 
important differences, which will now be discussed. From Appendix A we know 
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that the "gravitational" metric connection r a M/3 (3.6) and the U(l)-potential 
emerge out of a single connection by symmetry breaking. In accordance with this 
geometrical background we regard as the electromagnetic vector potential rather 
than itself. Therefore, we describe the electromagnetic interaction through the 
field equations in Section 3 together with the definite / (4.2) only, thereby completely 
disregarding (4.1). The problem of this geometrisation procedure, implying the 
"melting" of q and into the single expression S^, is, how to incorporate particles 
with charges different from —q. To solve this problem we look closely at the spinor 
derivative (2.4). Assuming for a moment that T a ^b is metric, T a ^ = — r^a, we can 
write (2.4) in the following three ways 



(+) V^ = d^-\Y^ bl b 1 ^ = (d,-\Y 



a/ib 



7 b ,7 a 



(") 



(0) 



afib 



7 b ,7 a 



7 b ,7 a 



(4.4) 



Turning back to our complex connection the first case (+) is exactly (2.4) and 
describes a negatively charged particle, whereas (— ) and (0) correspond to positively 
charged and neutral particles with U(l)-gauge transformations ip h- > exp(—\)ip and 
ip i — > ip under (3.10), respectively. 

Consider now a many particle system. We distinguish the particles with index 
z and classify their charges according to (4.4) by the symbol e = e(z) taking three 
values 

e = e(z)=+,-,0. (4.5) 
The Lagrangian density of this many particle system reads 



J2ehc lipoid, - |r a , b [7 b ,7 a ] -e{z)\Y\^ z - 



h 



2k K+ 4k L V 



(4.6) 



The field equations can be solved in the same manner as in section 3 yielding 

= r> + 5V^, where (4.7) 
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f%p := r^ + ^E^J^^-i-^JzW^sff) (4. 



and mi 2 /itv;s^= J2 f z - E % , U9) 

e{z)=+ e(z)=- V ' ; 

where we have defined j z := ip^ipz and j 5 z 6 := ip z rfrfip z . The energy-momentum 
equation (3.17) now becomes 



with = £ e «£ ^ zla {V*p-e{z)S^ z -{V*p + e{z)Sp)^ z . 1 ^ z (4.11) 

z 

+ (« <-/?)] , 

and W a/3 = e-^lt ) Y,0z^jz'+fz^j 5 z'' 1 )9ai3- (A12 \ 

z^z' V ' ' 

The spinor equation (3.11) acquires a new term corresponding to (4.12) 

- eW^, - + K E (# + &V) 7^. = • (4.13) 

z'^z 

We recognize that (4.9) is the correct inhomogeneous Maxwell equation of the many 
particle system. Eqs. (4.13) are apart from the last contribution the corresponding 
spinor equations for differently charged particles. Thus, we could treat in a natural 
way the charges ±q and 0. 

In (4.10) and (4.13) we can observe a spinor-spinor contact interaction between 
distinct particles, to which both vector and axial currents contribute. The absence 
of self-interactions among the spinors and also the vanishing of the cubic terms in 
(3.11) and (3.13) are due to (3.14) and have their origin in our special choice of 
C m in (2.5), where we have omitted the covariant differentiation of ip. Usually, 
the matter Lagrangian is required to be real, neccesitating the inclusion of both 
covariant derivatives of ip and ip. Since in our case the other Lagrangians Cq and 
Cy in (2.5) were already complex, there was no need to make C m alone real valued 
via the consideration of the adjoint spinor derivative. In Ref. H a real Lagrangian 
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containing also this covariant derivative of ip led to the self-interaction in (1.2), 
which is induced only via the axial current j 5At . In our opinion, self-interactions of 
Dirac particles are unlikely because of the Fermi-Dirac spin-statistics they obey and 
should be avoided. We remark that spinor-spinor interactions are far too weak to be 
observed by laboratory experiments, but can influence cosmological and quantum 
gravitational phenomena ||T|. 

Note that the presence of the vector current j M also changes the simple ansatz 
Tfj, ~ for the torsion trace, since from (3.6) we get 

Tfi = T% - r% = 3S, - = 3^ A, + \il 2 f . (4.14) 

In addition to these features there is one more aspect of our theory which differs 
from the usual Einstein-Maxwell theory. A Dirac spinor produces a complex contor- 
sion 1/Al1(i • j a g^p — i ■ S^jp — rj a ^si 5S ) in T a ^ (3.6), which carries out the parallel 
transports of (uncharged) tensors on M. Since the contorsion is a tensor, it does not 
vanish even in a local inertial system, which we define to be the special coordinate 
system around a space-time point p e M with g^ v {p) = diag(l, —1,-1,-1) and 
d<j9nv{p) = 0. Although the physical meaning of this phenomenon is not yet clear, 
we remark that it is invisible to the laboratory experiments of today due to the very 
small magnitude of 1% in the contorsion. Furthermore, T 01 ^ is a metric connection, 
^ixQap — 0, where V M is the covariant derivative defined in terms of r a Mj g. This 
guarantees the invariance and conserves the real nature of physical measurements of 
lengths, time intervals, rest masses and various scalar products of particle momenta. 

5 Summary 

We have used a complex linear connection and an extended spinor derivative to 
unify the gravitational and electromagnetic interactions into the space-time geom- 
etry. Contrary to other attempts at unification we could also clarify the fibre geo- 
metric background (Appendix A). The field equations are derived from a variational 
principle and exhibit precisely the structures of the Einstein-Maxwell theory with 
a negatively charged spinor particle. However, the many particle system reveals a 
new type of spinor-spinor contact interaction, which occurs only between distinct 
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particles, explaining why it was absent in the single particle case. Furthermore, our 
theory differs significantly from the usual theory in the geometrical understanding 
and its physical consequences. From the fibre bundle structure of our unification 
it follows that a metric connection and an electromagnetic vector potential emerge 
from the single complex linear connection by symmetry breaking. Accordingly, 
we interpret electromagnetism purely geometrically and use as the only physical 
constant a characteristic length / close to the Planck length. This geometrisation 
scheme involves the "melting" of the charge q and into one single expression and 
so rules out the consideration of particles with arbitrary charge. However, spinors 
with charges ±q and could be treated in the theory using natural extensions of the 
covariant spinor differentiation. Finally, the parallel transports of uncharged tensors 
on space-time are carried out by the resultant metric connection mentioned before, 
which contains a complex contorsion. Physical measurements remain unaffected by 
this contribution because the metric is preserved under the parallel displacements. 

In our opinion, this complex contorsion gives first hints to a deeper understanding 
of space-time structure although it is only a very small contribution and unobserv- 
able in most cases. 
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A Bundle Geometry 

We derive the correct geometrical definition of (2.4) and clarify the bundle structure 
of our unification. In Subsection A.l we establish the general fibre bundle struc- 
ture of the theory and especially introduce the extended spin structures essential 
to the building of the spinor derivative (2.4). In A. 2 this fibre geometry is used 
to obtain a special spin connection u s from a given complex linear connection u. 
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Considering local cross sections in A. 3, we will recognize that u s indeed results in 
the correct spinor derivative (2.4) when written in local form. Here we also observe 
the symmetry breaking aspect of the connection (3.6). Finally, the properties of the 
U(l)-gauge transformation are explained in A. 4. 



For the general theory of fiber bundles see Refs. [03,13], for details concerning 
the spin geometry we refer to Refs. [0,0] and flT2"| |. In the following all structures 
are C°° or analytic. We denote the Lie group homomorphism and its Lie algebra 
homomorphism by the same letter. 



A.l Fibre Bundle Structure 

Analogously to the real case the complex frame bundle F C (M) can be reduced to 
a special complex Lorentz bundle (DL + (M), the structure group being the special 
complex Lorentz group (DL + , 

(DL+ := {A G Mat(4,(D)|A T 77A = 77, detA = l} , 

which is isomorphic to the special orthogonal group SO(4,(D). The spin group 
(more precisely the component topologically connected with the 11) corresponding 
to (DL + will be denoted by (DSpin(= SL(2,(D) x SL(2,(D)) and the accompanying 
twofold covering homomorphism by : (DSpin — > (DL + . Using a spin representa- 
tion C : (DSpin — > GL(4,(D) we define an enlarged spin group (DSpin x (D x and the 
corresponding extended spin representation ( x 

C x : (DSpin x (D x -> GL(4,C) , (A, c) i-> ((A) ■ c~ l , (A.l) 

where (D x (= GL(1,(D)) is the multiplicative group (D\{0}. The representation c _1 
was chosen in order to obtain (2.4). Other possible choices c +1 and c° correspond 
to (— ) and (0) of (4.4), respectively. We further define the homomorphism 9 by 

o : (DL+ x (D x -f GL(4,€) , (A, c) i-> A ■ c . (A.2) 

One can easily show Ker(8 ) = {(1, 1), (— 1, — 1)} and that every image Ac has 
exactly two inverse images (A, c) and (— A, — c). Denote the image group of o by 
G := # ((DL + x (D x ) and its canonical inclusion in GL(4,(D) by j D . Obviously, the 
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Lie algebra of (DL + is given by (D <8> Z, where Z is the Lie algebra of L|~ (2.1). The 
homomorphism 6 Q induces an isomorphism of the Lie algebra (D®Z x (D of (DL + x (D x 
onto the Lie algebra g of G, given by g = (D <E> Z © € ■ 11. We can now write down 
the following diagram of Lie group homomorphisms 

GL(4,C) (DSpin x (D x ^ (DL+ xf^G^ GL(4,(D) (A.3) 

and construct an analogous diagram of principal bundle mappings 

S X (M) J^- ((DSpin x (D X )(M) ^ (<DL+ x (D x )(Af) -U G(M) M F C {M) . (A.4) 

If Gi(M), i = 1,2, are Gj-principal bundles, then (Gi x G 2 )(M) is the Gi x G 2 - 
principal bundle given by the restriction of G\{M) x G 2 (M) to the diagonal A C 
M x M, where A is identified with M itself @. € X (M) is the trivial (D x -bundle 
M x € x , and (DSpin(M) is a €Spin-bundle with the corresponding spin structure 
£ : (DSpin(M) -> €L+(M) satisfying ^(uA) = ^(u)^(A) for u G CSpin(M) and 
A G (DSpin. 5' X (M) is the extended spinor bundle defined to be the associated 
vector bundle S X (M) = (€Spin x € X )(M) x fx € 4 , (*) denoting this building 



procedure. Note that an element </> of S X (M) is an equivalence class [13 



<f )o ] = [u-(A,c),C(A,cr 1 -<p o } , (A.5) 



where u G ((DSpin x (D X )(M), cf> G € 4 and (A, c) G (DSpin x € x . G(M) is the G- 
principal bundle consisting of elements (c-X a ), where c G (D x and (X a ) G (DL + (M). 
It is thus contained in F C (M), j denoting the canonical inclusion. Finally, 9 is 
defined as follows 

6 : ((DL+ x (D x )(A-f) -> G(M) , ((X a ),c) i-> (c • X a ) . (A.6) 

We remark that the bundle mappings £ x id, 6*, and j have as their corresponding 
Lie group homomorphisms exactly £ c x id, 9 , and j . 



A. 2 Spin Connection 

Having explained (A.4) we now construct the spinor derivative (2.4) from a single 
complex linear connection uj on F C (M). First define the vector subspace m in the 
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Lie algebra gl{4,€) of GL(4,(D) 

m := (A G gl(4:,€)\A T r] — r\A = and Ty(A) = oj . (A.7) 
Then one can easily verify the following (vector space) decomposition 

gl(4,C) = C®Z © C-l © m 

(A.8) 

A = 77^77) + jTrA-1 + |(A + rjA T r] - §TrA- 1) . 

Now, gr = (D®Z©(D-lis the Lie algebra of G, and for every Ac G G it follows 
(Ac)ra(Ac) -1 C m. In this case the gr-component of uj\g(m) is a G-connection on 
G(M) (see Ref. [0), which we denote by loq. Using the Lie algebra isomorphism 9 a 
we can convert the pull-back 9*ujg into a connection 9~ 1 9*uog on (€L + x (D X )(M). 
By the same token uj s := (£ D x id)" 1 ^ x id)*(9~ l 9*u)G) is a connection on ((DSpin x 
(D X )(M), which we call the extended spin connection. 

Using the canonical bundle projections fa : (€L + x € X )(M) — > €L + (M) and 
/cx :— ► (D X (M) together with the concomitant group projections f oc i : €L + x (D x — ► 
(DL + and f ocx :— ► (D x we get the connections u; c ; := /oc«(^ 1 ^* Co 'G)lcL + (Af) anc ^ 
w cx := / ocx (^ 1 6 l *Ci;G)|([;X(-7Vf)' which can be used to express 9~ 1 9*ojg in accordance 
with the fiber product structure of the underlying bundle 

9- l 9^ G = />d © / c >cx • (A.9) 

This leads to a corresponding decomposition of the extended spin connection, where 
we omit the bundle projections for the sake of simplicity 

uj s = C 1 C^cI®uj cx . (A. 10) 

A. 3 Spinor Derivative 

This spin connection uj s defines a covariant differentiation on the associated vector 
bundle S X (M). We now show that (2.4) is exactly this derivative. Let U C M 
be an open set and introduce cross sections a in (DSpin(M)|^ and 1 in (D X (M)|^, 
where 1 prescribes to each p GW the value l(p) := (p, 1) G (D X (M). £(cr) is a cross 
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section in (DL + (M), that is, a complex tetrad. Although we have used in our theory 
only real tetrads, the following considerations remain valid even if £(<r) is complex 
valued. Let r a Mb dx^ : = (£ (a) *u) % be the grZ(4,€)-components of the pulled-back 
connection. Using (A. 8) we obtain 



1 Wry 



r 



and 



IpC 

4 M c 



For the whole connection 9 Q 1 6*u>g the decomposition (A. 9) implies 



(£(&), iye-^ujc) \ = |(r a Mb - r bM a ) + ±rv • s a 



(All) 
(A.12) 



(A.13) 



The solution (3.6) has exactly this structure and can thus be understood as a sum 
of two connections (A. 11) and (A.12) on two different bundles according to (A. 9). 

A Dirac spinor tp is a cross section in S X (M). Since (a, 1) is an element of 
((DSpin x (D X )(M), we can write ip as an equivalence class according to (A. 5) 



4> = [(a, 1) , 



(A.14) 



where if),- ^ is a (D 4 -valued function on U, usually denoted simply by the same letter 
if) and referred to as the Dirac spinor itself. This convention was already used in 
(2.4). The local trivialization of S X (M) in (A.14) allows us to express the covariant 



derivative of ip through [14 



(A.15) 



where 



C x (( 



<3\ lTo;, 



(A.10) 



■1) • 1*W C 
a 



r h „ a ) - ±r c „, r • i 



I Tia b 

I I Mb7 7a 



(A.16) 



This shows the required agreement with (2.4). Note that we have used here the 
(usual) explicit form of the Lie algebra homomorphism CCT 1 ; see HjjJIH - ^ ne — ^ * n 
front of 1*uj cx is due to the special choice c _1 in the representation (A.l), whereas 
the important factor 1/4 comes from the decomposition (A. 8). 
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A. 4 U(l)— Gauge Transformation 

If we change the section 1 to exp(A) ■ 1, A being a (D-valued function, then from 
standard theories on gauge transformations it follows 



(ex P (A)-i)^ cx = irv + ^A 



and 



ip = [(a, 1) , 



(A.l) 



(<7,exp(A) -1), exp(A) • if> {a>i) 



(A.17) 



Since this (D x -gauge transformation takes place on (D X (M) the tetrad £(<r) on 
(DL + (M) remains unchanged. It is easy to show that the adjoint spinor ip trans- 
forms to exp(A) • ip, and that in (2.5) only the matter Lagrangian C m is affected by 
the change and transforms to exp(A + A) • C m . The invariance of C m thus implies 
A + A = or exp(A) G U(l). We must therefore replace (D X (M) by its reduced 
bundle U(1)(M) := M x U(l). 

B 4- Vector Decomposition 

Given a third rank tensor S a/37 define T Q/ g 7 , Q a , Sp, U y , and V§ as follows: 





(B.l) 



+ 



( 



_ V e _ 

Zj 7 e 



£ € 7e +5 EVy J g a p + S[ a/ 3 7 ] + T a/ 3 7 



Qa9p-y + Spg ai + U 1 g a p 



12 



^a/3 7 5V r<5 + T a/ j 7 . (B.2) 



For V" 5 we have then V5 = 2r] a p lS • S 



a/37_ From (B.l) we conclude 
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^« e <E = jg 20 S a e e — 4 £ e ae — 4 S e eQ , 

— S a e e +5S e ae — S e eQ (B-3) 

Similarly, T e p e = T e e7 = 0. Further observe: 

For the last term in (3.4) note Y U1 = —Y" /l/ and { u VfJ } = d^e, so that 

V* U Y^ = d v Y^ + {" VII }YW + {\^}Y^ = -d u (eY^) . (B.5) 

e 

For the axial current observe 1 /6 Ti^paSl 1 ! 1** = ^7 5 7<5, where 7 s = 27°7 1 7 2 7 3 , see e. 

g- Q- 
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